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Abstract

Bending and contact strength tests at different loading rates were carried out on a commercial alumina. From the comparison of
the two strength tests, it was found that the investigated alumina does not exhibit any subcritical crack growth under contact
loading, although a strong subcritical crack growth effect is obvious in bending tests. The different behaviour can be explained as

the consequence of mode-II failure accompanied with KI<0 in the contact strength tests and of pure mode-I failure (i.e. KI>0) in
the bending tests.
# 2003 Elsevier Ltd. All rights reserved.
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1. Introduction

Different procedures are available to determine the
subcritical crack growth behaviour of natural cracks in
ceramic materials. One of them is the evaluation of tests
under static load. In most cases, these tests are carried
out in bending. The most important result of static tests
is the exponent n of the subcritical crack growth relation

v ¼
da

dt
¼ A

K

KIc

� �n

ð1Þ

with K=applied stress intensity factor, KIc=fracture
toughness, and A=the crack growth rate at K=KIc,
which is often in the range of 10�5m/s<A<10�2m/s.
If this exponent is small, the investigated material is

very sensitive to subcritical crack growth. For high
n-values (n ! 1), no significant subcritical crack
growth effect occurs.
For cracks under more homogeneously distributed

stresses

K ¼ �Y
ffiffiffi
a

p
ð2Þ

is fulfilled.
If the scatter of the inert fracture strength sc can be
described by the Weibull distribution with the cumula-
tive density function F given by

F �cð Þ ¼ 1� exp � �c=�0ð Þ
m

½ 	; ð3Þ

the consequence of Eqs. (1) and (2) is that also strengths
under subcritical crack growth conditions &sigma;f are
Weibull-distributed. It results

F �fð Þ ¼ 1� exp � �f=�f0
� �m


h i
ð4Þ

with

m
 ¼ m
nþ 1

n� 2
ð5Þ

for the usually large n-values yielding m*ffim, and

�f0 ¼ B�n�2
0 �


nþ 1ð Þ

h i1= nþ1ð Þ

ð6Þ

The parameter B is related to the crack growth
parameters A* and n by

B ¼
2K2

I c

A
Y2 n� 2ð Þ
ð7Þ

with Y=1.3 for semi-circular surface cracks. Plotting the
characteristic bending strengths �f0 versus the stress rate
�
:
in a logsf�log�

:
diagram yields 1/(1+n) as the slope of

the regression straight line, from which n is obtained.
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2. Contact strength tests

Recently, some of the authors developed a contact
strength test1 which needs commonly used bending bars
or fragments of already tested specimens only. In this
test, mechanical loading leads to strongly non-homo-
geneous and multiaxial stresses. The test device is shown
in Fig. 1. Two cylinders of 8 mm in diameter, made of
hardened steel, are pressed onto the rectangular specimen
with a force P.
The contact strength �f is defined as the maximum

tensile stress in the specimen at the moment of failure,
which is given by1

�f ¼ �max ¼ 0:490
P

Ht
ð8Þ

The contact stresses near the surface cause mixed-
mode stress intensity factors for existing surface cracks.
Very close to the Hertzian contact zone, x/s�1, the
formally computed mode-I stress intensity factor is
negative as shown in Fig. 2a for edge cracks. Conse-
quently, the effective stress intensity factor represents a
pure mode-II loading KII,eff which is equal to the
applied stress intensity factor KII,appl reduced by a
friction term2,3 which, in case of the Richard4 mixed-
mode fracture criterion, yields5

Keff ¼

ffiffi
3
2

q
KII;eff ;KII;eff ¼ KII;appl þ �KI ð9Þ

with the friction coefficient m.
As shown in Refs. 2 and 3 and can be concluded from

Fig. 2b, the stresses near the end of the Hertzian contact
area yield an effective stress intensity factor Keff roughly
as

Keff ¼ �maxCa ð10Þ

Under mixed-mode loading and pure mode-II load-
ing, a crack must extend in a plane deviating from the
original one by kinking (Fig. 3a). Following the local
stress intensity factor analysis of Cotterell and Rice,6

the local mixed-mode stress intensity factors kI and kII
can be computed from the effective mode-II stress
intensity factor KII,eff acting in the original crack plane.
As shown in, Ref.5, it holds

kI ¼ �3sin 1
2�
� �

cos2 1
2�
� �

� 1
3 sin

3 1
2�
� �	 
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KII;eff a0ð Þ

ð11bÞ

The sudden change of the original direction by an
angle bkink results from the condition that the local
mode-II stress intensity factor kII in (11b) vanishes. For
pure mode-II loading, this leads to a kink angle of
bkinkffi�77� (Fig. 3b for KII/KI ! 1). Introducing
this value in (11a) yields the actual stress intensity factor

kI ¼ 1:224KII;eff ffi

ffiffi
3
2

q
KII;eff ¼ Keff ð12Þ
Fig. 1. A two-roller test device for contact strength tests and Hertzian

pressure distribution.
Fig. 2. Stress intensity factors for edge cracks, (a) mode-I and mode-II stress intensity factors for s/H=0.1, (b) effective stress intensity factor

according to Eq. (9), computed with m=0.5.
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as concluded from Eq. (9). Eq. (12) shows that the stress
intensity factor for the kink crack is identical with the
effective one and purely mode-I, although a mode-II
stress intensity factor is applied.
The considerations of Cotterell and Rice regarding a

semi-infinite crack are valid also for finite cracks, if the
crack extensions are small compared with the initial
crack, i.e. ‘<a0. Fortunately, such small crack exten-
sions are responsible for the main part of the total life-
time. If ‘ is comparable with a0, we have to replace
Keff(a0) by

Keff að Þ ffi Keff a0 þ ‘=cos�ð Þ ð13Þ
3. Crack growth exponents expected for contact

strength tests

The time to failure tf in a dynamic strength test under
contact loading results from Eqs. (1) and (10) as follows

dt ¼
da

A

KIc

K

� �n

¼
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A

KIc

�max tð ÞCa

� �n

ð14Þ

with �max given in Eq. (8). Integrating (14) results inðtf
0

�nmaxdt ¼
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Replacing the time increment on the left-hand side of
Eq. (14) by the stress increment

dt ¼
d�max

�
:
max

ð16aÞ

yields
ðtf
0

�nmaxdt ¼
1

�
:
max

ð�f
0

�nmaxd�max

¼
1

nþ 1ð Þ�
:
max

�nþ1
f ð16bÞ

and, consequently,

�nþ1
max ffi

Kn
Ic

ACn n� 1ð Þan�1
0

nþ 1ð Þ�
:
max ð17Þ

As a consequence of Eq. (10), the initial crack depth
can be replaced by the inert contact strength �c, i.e. the
contact strength in the absence of subcritical crack
growth, by

KIc ¼ Ca0�c ð18Þ

providing

�nþ1
max ffi B
�n�1

c nþ 1ð Þ�
:
max ð19Þ

with

B
 ¼
KIc

A n� 1ð ÞC
ð20Þ

Comparing Eq. (19) with Eq. (6) shows that the
dynamic contact strength should exhibit the same stress-
rate dependency as obtained in dynamic bending tests,
namely, a straight line in the log�f–log�

:
plot with a

slope of 1/(n+1).
4. Experimental results

A commercial alumina, Frialit F99.7 (Friatec, Fried-
richsfeld), with a median grain size of dm�9 mm was
tested. Surface grinding resulted in the roughness para-
meters: arithmetic surface roughness Ra=0.7 mm,
reduced peak height Rpk=0.3 mm, core roughness depth
Rk=1.6 mm, reduced valley depth Rvk=1.7 mm. Fig. 4a
shows the Weibull distributions of the 4-point bending
strengths for the two extreme loading rates. Character-
istic strengths of �f0=270 MPa for �

:
=0.007 MPa/s and

390 MPa for �
:
=100 MPa/s were determined by appli-

cation of the maximum likelihood procedure.7 From
Eq. (6), a subcritical crack growth exponent of about
n�40 results. In Fig. 4c the bending strength data are
plotted in a log�f–log�

:
representation together with

data from Ref. 8 obtained for the same material.
The contact strength data obtained for loading rates

between 0.04 and 50 MPa/s are given in Fig. 4d. Due to
the higher scatter of contact strength data compared
with bending strength data2,3 a larger number of tests
under contact loading was necessary to reach a sound
judgement of Weibull parameters. The contact strength
tests, surprisingly, do not exhibit any subcritical crack
growth effect. The characteristic contact strengths �f0
and their 90% confidence intervals are compiled in
Fig. 3. (a) Kinking crack, (b) kink angle for a crack under mixed-

mode loading according to the Richard criterion.5
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Table 1. The related values for the bending tests are
given in Table 2. Since the confidence intervals of
Table 1 for all stress rates strongly overlap, a significant
difference in contact strength at the different loading
rates cannot be identified. Consequently, an influence of
subcritical crack growth cannot be observed. The results
of Fig. 3 again are represented in log �f versus log �

:

plots in Fig. 4.
5. Discussion

Unexpected, the contact strength tests did not reveal
the typical subcritical crack growth effect, an increase in
strength with increasing loading rate. The reason may
be the special crack opening behaviour for cracks near
the Hertzian contact zone, i.e. at x/sffi 1. From Fig. 5a,
it can be seen that the (formally calculated) mode-I
contribution is negative at this location, denoted as
‘‘location 1’’ in Figs. 5b and 6. The condition K<0
ensures that the crack is either totally or partly closed
with crack faces in contact in the crack-tip region. Such
a crack is illustrated in Fig. 6a. The remaining crack-tip
loading parameter is a mode-II stress intensity factor
KII, which is influenced by the negative mode-I stress
intensity factor contribution which reduces the applied
KII via crack surface friction. The effective stress inten-
sity factor Keff is plotted in Fig. 5b and exhibits max-
imum values near x/s=1.
Now let us remember that subcritical crack growth is

a environmentally assisted phenomenon. Especially the
presence of water at the crack tip reduces the energy for
bond breaking and gives rise to crack propagation.
Under mode-I loading (KI>0), the crack faces are
completely separated and water can follow the crack tip
of an advancing crack by diffusion along the crack
faces. Under a negative KI contribution, the contact
zone makes diffusion of water to the crack tip impos-
sible. Consequently, water-enhanced subcritical crack
growth cannot occur. The rate-independent failure
stress under this condition is illustrated in Fig. 6b as the
dashed horizontal line.
Fig. 4. Dynamic bending strength: (a) and (c) 4-point bending tests, (b) and (d) contact strength tests, squares in (c) and (d): characteristic strength

values �0.
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At location (2), the cracks are open due to the positive
mode-I stress intensity factor contribution. Such cracks
may extend under normal-water-assisted crack growth
conditions. Since the effective stress intensity factor is
lower at this location, see Fig. 5b, the inert strength is
higher at this location (small effects resulting from dif-
ferent effective surfaces are ignored). This is indicated in
Fig. 6b as the horizontal part of the dash-dotted line at
high stress rates. These cracks show a stress rate depen-
dency as commonly observed in dynamic bending tests.
In Fig. 6b this behaviour is represented by the straight
line part with the failure stress decreasing with decreas-
ing stress rate. Finally, the experimentally observable
strength behaviour is given as the minimum of the
curves for locations (1) and (2).
From the schematic illustration of Fig. 6b, it may be

concluded that an influence of �
:
may be present at

extremely low loading rates. Obviously, the experi-
mental results did not show this effect, i.e. the transition
stress rate must be lower than the rates applied in the
experiments.
6. Conclusions

From the comparison of dynamic bending and
dynamic contact strength experiments, it was found that
the investigated alumina does not exhibit any subcritical
Fig. 5. (a) Mode-I stress intensity factor contribution and (b) effective stress intensity factors for different deep edge cracks at varying distances from

the centre of the Hertzian contact zone.
Fig. 6. (a) Crack opening at locations (1) and (2), (b) expected contact strengths under conditions of inhibited subcritical crack growth for KI<0 (1)

and normal subcritical crack growth for KI>0 (2).
Table 1

Weibull parameters for the contact strengths at different loading

rates
�
:
=0.04 MPa/s
 �0=414 [397; 432] MPa
 m=6.9 [5.3; 7.9]
�
:
=0.2 MPa/s
 �0=394 [379; 409] MPa
 m=6.7 [5.4; 7.9]
�
:
=20 MPa/s
 �0=401 [383; 419] MPa
 m=6.0 [4.8; 7.1]
�
:
=50 MPa/s
 �0=399 [373; 427] MPa
 m=5.6 [4.1; 6.9]
Table 2

Weibull parameters for the bending tests at highest and lowest loading

rates
�
:
=0.007 MPa/s
 �0=281 [272; 292] MPa
 m=9.8 [7.3; 12.0]
�
:
=120 MPa/s
 �0=389 [378; 401] MPa
 m=11.3 [8.5; 13.8]
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crack growth under contact loading, although a strong
subcritical crack growth effect is obvious in bending
tests. Two important consequences may be concluded:

1. Contact strength tests with a variation of the

loading rate are no appropriate test for deter-
mining the parameters of subcritical crack
growth relations.

2. Since the ‘‘inert strength’’ is obtained in all con-

tact strength tests, it is not necessary to perform
these tests with extremely high loading rates to
obtain the inert contact strength.
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